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We explore the possibility of achieving a significant nonlinear phase shift among photons propagat-
ing in nanoscale waveguides exploiting interactions among photons that are mediated by vibrational
modes and induced through Stimulated Brillouin Scattering (SBS). We introduce a configuration
that allows slowing down the photons by several orders of magnitude via SBS involving sound waves
and two pump fields. We extract the conditions for maintaining vanishing amplitude gain or loss
for slowly propagating photons while keeping the influence of thermal phonons to the minimum.
The nonlinear phase among two counter-propagating photons can be used to realize a deterministic
phase gate.
PACS numbers: 42.50.-p, 42.65.Es, 42.81.Qb
The non-interacting nature of photons makes them ef-
ficient as carriers for quantum information [1] but non-
efficient for information processing. Quantum nonlinear
optics thrives to induce controlled interactions at the few
photon level for fundamental physics and applications,
e.g., for photonic switches, memory devices and transis-
tors [2–5]. The ultimate challenge is to achieve nonlin-
ear phase shifts among two optical photons realizing a
quantum logic gate for photonic quantum information
processing [6–8]. In the recent decades several direc-
tions have been suggested for achieving effective photon-
photon interactions. Among the first experiments was
Cavity Quantum Electrodynamics (CQED) using atoms
as a nonlinear medium [3, 9], which culminated in the re-
cent demonstration of a deterministic quantum gate [10]
along the lines suggested in [11]. Avoiding the use of
resonators, strong nonlinearities have been achieved for
fields confined in waveguides, e.g., using tapered nanofi-
bre strongly coupled to an atomic chain [12, 13]. The re-
strictions on bandwidth imposed by the cavity spectrum
motivated the search for cavity free environments [14], for
example, using Rydberg atoms in a dense medium [15–18]
under the condition of Electromagnetic Induced Trans-
parency (EIT) [19, 20], and later by exploiting the block-
ade phenomena [21, 22]. The significant enhancement
of photon-photon interactions in the latter approach is
mainly due to the achievement of slow light using EIT
which is subject to restrictions in bandwidth associated
with the transparency window [23].
In parallel, optical fibres [24–27] and photonic crystals
[28–30] have received significant interest, as they can be
easily integrated into all-optical on-chip platforms. In
particular optical fibres can realize tunable delays of op-
tical signals with the possibility of achieving fast and
slow light in a comparatively wide bandwidth [31–33].
The most efficient nonlinear process inside optical fibres
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FIG. 1: (a) Schematic of the setup: Two signal fields at fre-
quencies ωu(d) propagate in a nanofibre of length L, and ex-
perience a cross-phase interaction mediated by SBS involving
phonons of frequency Ωv. The effective group velocity ve is
reduced due to EIT induced by counter-propagating pump
fields. (b) Schematic dispersion of the lowest two, dispersion-
less (solid) and acoustic (dashed), phonon branches. (c)
Schematic dispersion of the fundamental photon mode. (d)
Zoom in on the photon dispersion: signal fields (solid circle)
interact via dispersion-less phonons (solid arrow), four pump
fields (empty circle) induce EIT at the signal frequencies via
acoustic phonons (dashed arrows), cf. Fig. 2. (e) Level scheme
with detuning ∆Ω between signal fields and dispersion-less
phonons.
is SBS, that is the scattering of optical photons by long
lived acoustic phonons commonly induced by electrostric-
tion [34]. Recent progress in the fabrication of nanoscale
waveguides in which the wavelength of light becomes
larger than the waveguide dimension achieved a break-
through in SBS [35–37]. In this regime the coupling of
photons and phonons is significantly enhanced due to ra-
diation pressure dominating over electrostriction [38, 39]
with significant implications for the field of Brillouin con-
tinuum optomechanics [40, 41].
In the present letter we introduce an efficient method
for generating effective interactions among photons in-
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2duced through SBS involving vibrational modes in
nanoscale waveguides. Our scheme crucially relies on
achieving slow light by exploiting the significant scat-
tering of photons from acoustic phonons. We study
the correlations induced among slowly co- or counter-
propagating photons, and show that a significant non-
linear phase shifts can be accumulated along a cm scale
waveguide. We identify configurations where the slow
group velocity of photons can be exploited without net
gain or loss in photon number which can be achieved us-
ing two pump fields. We also consider the effect of ther-
mal fluctuations in the phonon modes and determine con-
ditions for negligible impact on the photon-photon inter-
actions. Our treatment builds on the quantum mechan-
ical Hamiltonian description of SBS in nanoscale waveg-
uides recently developed in [1, 42]. Quantum nonlinear
optics and photon phase gates have been discussed previ-
ously in cavity optomechanics [44–48] generally assuming
a large single photon coupling (with the notable excep-
tion of [48]). The results reported here relate to these
previous schemes as the approach towards quantum non-
linear optics based on atomic ensembles relates to the
one based on CQED.
We consider a cylindrical nanoscale waveguide of
length L on cm scale with four pump fields propagat-
ing from right to left and two signal fields containing
few photons from left to right which are coupled through
SBS to vibrational modes of the fibre, as represented
in Figure 1.a. The signal fields comprise wavenum-
bers centered around ku and kd of frequencies ωu and
ωd, respectively, as shown in Figures 1.c and 1.d. The
fields are described by slowly varying amplitude oper-
ators ψα(x) where α = u, d. For an effectively one-
dimensional photon field the real space operator is ex-
pressed in terms of the momentum space one, ak, by
ψα(x) =
1√
L
∑
k∈Bα ake
i(k−kα)x. Here Bα denotes a suit-
able bandwidth of photon wave numbers centered around
a central wave numbers kα. The definition of ψα(x) im-
plies [ψα(x), ψ
†
α(x
′)] = δ(x − x′) where the δ-function
is understood to be of width ∼ B−1α . Moreover, we con-
sider (effectively) dispersion-less vibrational modes of fre-
quency Ωv and wavenumber qv which are represented by
a slowly varying phonon field operator Q(x), as appeared
in Fig. 1.b. The two photonic signal modes are detuned
from the vibration by ∆Ω = ωu−ωd−Ωv with difference
in wavenumbers of ∆q = ku − kd − qv, cf. Fig. 1.e. The
two signal fields are assumed to propagate at a slow group
velocity ve which can be achieved by a proper choice of
pump fields exploiting SBS involving acoustic phonons,
as will be explained in detail further below. The Hamil-
tonian for the two slow signal fields and the vibrational
modes reads [1] (~ = 1)
H = H0 − ive
∑
α
∫
dx ψ†α(x)
∂ψα(x)
∂x
(1)
+
√
L
∫
dx
(
fv Q
†(x)ψ†d(x)ψu(x) e
i∆qx + h.c.
)
,
where H0 =
∑
α
∫
dxωαψ
†
α(x)ψα(x)+Ωv
∫
dxQ†(x)Q(x).
The frequency fv describes the strength of SBS among
the two photonic signal fields and the vibrational fields.
In the local field approximation it is independent of the
wavenumber. The corresponding equations of motion for
the photon operators in an interaction picture with re-
spect to H0 are(
∂
∂t + ve
∂
∂x
)
ψu(x, t) =
− ifv
√
L Q(x, t)ψd(x, t) e
i(∆Ωt−∆qx),(
∂
∂t + ve
∂
∂x
)
ψd(x, t) =
− ifv
√
L Q†(x, t)ψu(x, t) e−i(∆Ωt−∆qx). (2)
The phonon operator evolves as(
∂
∂t+
Γv
2
)
Q(x, t) = (3)
− ifv
√
L ψ†d(x, t)ψu(x, t) e
−i(∆Ωt−∆qx) −F(x, t),
where Γv is the vibrational mode damping rate, and
F(x, t) is the Langevin noise operator [49] fulfill-
ing [F†(x, t),F(x′, t′)] = Γvδ(x − x′)δ(t − t′) and
〈F(x, t)F†(x′, t′)〉 = Γv(n¯v+1)δ(x−x′)δ(t−t′), where n¯v
is the average number of thermal phonons. We assumed
that photon loss is negligible on the time scale L/ve of
propagation of photons through the fibre. Dominant pho-
ton loss is to be expected from in- and out-coupling of
photons from the nanofibre.
We will show now that the two signal fields experience
a significant cross-phase shift mediated through their off-
resonant interaction with the vibrational field. For suf-
ficiently large detuning ∆Ω > fv the phonon field can
be adiabatically eliminated from the equations of mo-
tion (2) giving rise to a closed set of equations for the
photon fields which can be integrated thanks to an (ap-
proximate) conservation of the number of photons in each
mode. In order to demonstrate this we define the pho-
ton number density Nˆα(x, t) = ψ
†
α(x, t)ψα(x, t) for mode
α = u, d and the total photon density Nˆ = Nˆu + Nˆd. Di-
rect calculation using the change of variables ξ = x− vet
and η = vet, after adiabatic elimination of the phonons,
yields ∂∂η Nˆ(ξ, η) = 0. For the time being we drop the
Langevin term, and consider its influence in much de-
tails later. Thus the total photon density is conserved
during propagation through the fibre, Nˆout(ξ) = Nˆ in(ξ),
where we use the definition of input and output opera-
tors Oˆin[out](ξ) = Oˆ(ξ, 0[L]) for any observable Oˆ(ξ, η).
Moreover, one finds that the photon number densities
Nˆα(ξ, η) obey the Riccati equations [50]
∂
∂η
Nˆu(ξ, η) = −V Nˆ(ξ) Nˆu(ξ, η) + V Nˆ2u(ξ, η),
∂
∂η
Nˆd(ξ, η) = V Nˆ(ξ) Nˆd(ξ, η)− V Nˆ2d (ξ, η). (4)
Here V = ϑ Γv/(∆Ω)1+Γ2v/(4∆Ω2)
, and ϑ =
f2vL
ve∆Ω
will turn
out to be the nonlinear phase shift among the
3modes u and d, see below. The input-output rela-
tions resulting from these equations are Nˆoutu (ξ) =
Nˆ inu (ξ)Nˆ
in(ξ)
[
Nˆ inu (ξ) + e
V LNˆin(ξ)Nˆ ind (ξ)
]−1
and
Nˆoutd (ξ) = Nˆ
in
d (ξ)Nˆ
in(ξ)
[
Nˆ ind (ξ) + e
−V LNˆin(ξ)Nˆ inu (ξ)
]−1
where we used that input number density operators
commute. For input states in the signal modes which
fulfill V L〈Nˆin(ξ)〉  1 the photon number in each mode
is conserved, Nˆoutα (ξ) = Nˆ
in
α (ξ), as we will assume in the
following. It is interesting to note that in the opposite
case the nonlinear interaction of photons acts as an
incoherent adder in mode d, that is Nˆoutd (ξ) = Nˆ
in(ξ),
while Nˆoutu (ξ) = 0.
In the limit where both Nˆu and Nˆd are conserved dur-
ing their propagation in the waveguide the input-output
relations for the photon field operators are [50]
ψoutu (ξ) = ψ
in
u (ξ)e
−iϑNˆ ind (ξ)L (5a)
+
i
ve
∫ L
0
dη′ U(ξ, η′) ψd(ξ, η′)e−iϑNˆ
in
d (ξ) (L−η′),
ψoutd (ξ) = ψ
in
d (ξ)e
−iϑNˆ inu (ξ)L (5b)
+
i
ve
∫ L
0
dη′ U†(ξ, η′) ψu(ξ, η′)e−iϑNˆ
in
u (ξ) (L−η′),
with U(x, t) = fv
√
L ei(∆Ωt−∆qx)
∫ t
0
dt′ F(x, t′)e−Γv2 (t−t′).
In the first line of both Equations (5) the nonlinear
cross-phase shift ϑ appears in the exponent. The
second lines describe the contributions due to ther-
mal fluctuations of the phonon modes which generate
an incoherent mixing of photon field amplitudes in
modes u and d. Using the properties of the Langevin
force operators the average number of photons at the
waveguide output are given by Noutu = N
in
u + N
fluct
u ,
and Noutd = N
in
d + N
fluct
d , where Nα = 〈Nˆα〉. The
average number of incoherently added photons is [50]
Nfluctu ≈ Wn¯vN ind and Nfluctd ≈ W (1 + n¯v)N inu where
W =
L3Γvf
2
v
v3e
. For W (1 + n¯v)  1 incoherently added
photons make a small relative contribution.
As an example we consider a cylindrical nanofibre
where fv = 3.3 × 106 Hz can be achieved for L = 1 cm
and a diameter d = 500 nm in silicon, as we have shown
in [1]. At the same time one finds Ωv = 2pi× 10 GHz for
longitudinal modes such that n¯v ≈ 0.1 at T = 200 mK.
For a detuning of ∆Ω = 5 × 106 Hz > fv one obtains
a significant nonlinear phase shift of ϑ ≈ 1 for an ef-
fective group velocity of ve ≈ 2.2 × 104 m/s which is
reachable in this system as discussed below. In order
to guarantee a small number of incoherent excitations
W ≈ 0.1 one has to require a mechanical quality factor
Qv = 6× 105 (that is, Γv = 105 Hz). At the same time,
this implies V ' 0.02 such that the number of photons in
each mode is conserved as long as the input photon flux
fulfills ve〈Nˆin(ξ)〉  veV L ' 108 sec−1. The acceptable
bandwidth of photons in the two modes u and d has to
be small on the scale of the detuning but may be still on
the order of 500 kHz. We emphasize that the nonlinear
FIG. 2: Scheme for achieving gain- and lossless slow light:
(a) A signal field at frequency ωs is dressed by two pump
fields ω1(2) interacting through acoustic phonons at frequen-
cies Ω1(2). (b) Photon dispersion with signal field (solid cir-
cle), pump fields (empty circles) and resonant acoustic phonon
modes (dashed arrows). (c) Schematic level scheme with de-
tunings ∆ω1 = ωs−ω1−Ω1 and ∆ω2 = ω2−ωs−Ω2 among
the fields.
phase resulting from these parameters is of the same or-
der as the one achieved using cold atoms exploiting the
Rydberg blockade phenomenon.
The nonlinear phase shifts appearing in Eqs. (5) can
be viewed formally as arising from a cross-phase interac-
tion Hamiltonian Heff = gL
∫
dx ψ†u(x)ψ
†
d(x)ψu(x)ψd(x)
among the two photons where g =
f2v
∆Ω . This interaction
gives rise to a wide range of quantum nonlinear optics
on the level of single photons and many-body physics of
photons [2]. For two co-propagating single-photon pulses
the nonlinear phase shift comes along with changes and
correlations in the spatio-temporal profile of the pulses
[51] limiting the applicability of the nonlinear phase shift
for the implementation in two-qubit quantum logic gate
[20, 52]. This effect can be suppressed by using counter-
propagating pulses that still experience an identical non-
linear phase [16]. For counter-propagating modes u and
d the treatment is essentially equivalent to the one given
above and results in the same effective Hamiltonian Heff .
Solving the Schro¨dinger equation for an initial state of
two incoming counter-propagating photons in the waveg-
uide |φ˜〉in =
∫
dx1dx2 φ(x1, x2, t) ψ
†
u(x1)ψ
†
d(x2)|vac〉,
where φ(x1, x2, t) is a given two-photon wave function,
it is straight forward to derive the scattering relation
|φ˜〉out = eiϑ|φ˜〉in. A unique application of such nonlinear
phase shift among single photons is in all-optical deter-
ministic quantum logic.
In order to observe sizable nonlinear phase shifts it
is crucial to achieve a small effective group velocity ve.
Slow (or fast) light based on SBS in waveguides has been
demonstrated in several experiments [53–55], and simi-
lar results have been achieved in cavity optomechanics
[34, 56, 57]. The effect can be understood in analogy to
EIT in atomic media where acoustic phonons play the
role of internal atomic states. Slowing (advancing) of
light based on SBS in general is linked to a net Brillouin
gain (loss) in the signal field [25] which, in a quantum
4mechanical treatment, will be connected necessarily to
additional noise affecting the signal field. Therefore, in
order to exploit SBS induced slowing of light for quan-
tum nonlinear optics it is crucial to suppress Brillouin
gain or loss while maintaining a slow group velocity. We
will show now how this can be achieved using two pump
fields counter-propagating to the signal field. We con-
sider a signal field of frequency ωs and wave number ks
propagating to the right with group velocity vg that is
described by the operator ψ(x, t). Two additional strong
(classical) fields of frequencies ω1 and ω2 with wavenum-
bers k1 and k2 are propagating to the left with the same
group velocity vg, as shown in Figures 2.a and 2.b. The
signal is detuned from the sum of field (1) and a phonon
of frequency Ω1 by the detuning ∆ω1 = ωs − ω1 − Ω1.
On the other hand, field (2) is detuned from the sum of
the signal and a phonon of frequency Ω2 by the detun-
ing ∆ω2 = ω2 − ωs − Ω2, cf. Fig. 2.c. The two acous-
tic phonons are described by the operators Q1(x, t) and
Q2(x, t), with sound velocity va and wavenumbers q1 and
q2, respectively. The strong fields (1) and (2) are taken
to be classical amplitudes E1(x, t) and E2(x, t), which are
defined by Eα(x, t) =
√
L〈ψαp 〉. The configuration of fields
is shown in Fig. 2.b, and for the case of two signals in
Fig. 1.d. The system is described by
H = −ivg
∫
dx ψ†(x)
∂ψ(x)
∂x
− iva
∫
dx
{
Q†1(x)
∂Q1(x)
∂x
−Q†2(x)
∂Q2(x)
∂x
}
+
∫
dx
(
fa1 E∗1 (x) Q†1(x)ψ(x) + h.c.
)
+
∫
dx (fa2 E∗2 (x) Q2(x)ψ(x) + h.c.) . (6)
As before we assume the photon and phonon disper-
sions to be linear with group velocities vg and va, re-
spectively. The photon-phonon coupling parameters, fa1
and fa2 are taken in the local field approximation. The
acoustic phonons have a damping rate of Γa, and the pho-
tons have a negligible damping. Thermal fluctuations of
phonons are included by adding Langevein noise oper-
ators, Fi(x, t) [49]. The equation of motion for signal
photons reads( ∂
∂t
+ vg
∂
∂x
)
ψ(x, t) = (7)
= −ifa1 E1(x, t) Q1(x, t) ei(∆ω1t−∆k1x)
− ifa2 E2(x, t) Q†2(x, t) e−i(∆ω2t+∆k2x),
and the ones for the phonon modes are( ∂
∂t
+ va
∂
∂x
+
Γa
2
)
Q1(x, t) (8)
= −ifa1 E∗1 (x, t) ψ(x, t) e−i(∆ω1t−∆k1x) −F1(x, t),( ∂
∂t
− va ∂
∂x
+
Γa
2
)
Q2(x, t)
= −ifa2 E2(x, t) ψ†(x, t) e−i(∆ω2t+∆k2x) −F2(x, t),
where ∆k1 = ks + k1 − q1 and ∆k2 = k2 + ks − q2.
Elimination of the acoustic phonons leads to the formal
solution of the photon operator [50]
ψ(x, t) = e−(G+iκ)xψin(x− vgt) + ifa
vg
∫ x
0
dx′e(G+iκ)(x
′−x)
×
{
E1e−i∆k1x′W1(x′, t) + E2e−i∆k2x′W †2 (x′, t)
}
, (9)
where ψin(x − vgt) is the incident signal oper-
ator. We defined the gain coefficient G =
f2aΓa
2vg
{
|E1|2
Γ2a
4 +∆ω
2
1
− |E2|2
Γ2a
4 +∆ω
2
2
}
, the shift in wave number
κ =
f2a
vg
{
|E1|2∆ω1
Γ2a
4 +∆ω
2
1
+ |E2|
2∆ω2
Γ2a
4 +∆ω
2
2
}
, and the noise operators
Wi(x, t) = e
i∆ωit
∫ t
0
dt′ Fi(x, t′)e−Γa2 (t−t′). For simplic-
ity we assumed fa1 = f
a
2 ≡ fa and constant pumps.
At this point we estimate the contribution of the ther-
mal fluctuations. We calculate the average number of
signal photons using the properties of Langevin noise op-
erators given above [49]. We are interest in the limit
of negligible gain, that is GL  1. Later we extract
the condition for achieving this limit. The thermal pho-
tons appear due to the scattering of the upper pump
photons into the signal photons which is induced by
thermal phonons. In the limit considered here we get
Nˆout = Nˆin + Nˆfluct, where the density of incident pho-
tons is Nin = 〈ψ†in(L− vgt)ψin(L− vgt)〉, and the average
number of incoherently added photons is [50] 〈Nˆfluct〉 ≈
f2aΓaL
2
v3g
{
|E1|2n¯(1)a + |E2|2(n¯(2)a + 1)
}
, where n¯
(i)
a is the av-
erage number of thermal phonons in the reservoir at fre-
quency Ωi. For phonons of frequency Ωa = 2pi×15 GHz,
at temperature T = 200 mK, the average number of
thermal phonons is n¯a ≈ 0.03. Using the numbers
fa = 2.6 × 105 Hz, L = 1 cm, |E1|2 = 4 × 108, and
|E2|2 = 108, which are equivalent to about 10 mW, we get
a number density of incoherent photons of 〈Nˆfluct〉 ≈ 0.3.
This corresponds to a photon flux of about 103 sec−1.
For the example of an incoming single photon, incoher-
ent photons will make a relatively small contribution for
photon pulses with a bandwidth larger than 10 kHz.
Now we have ψ(x, t) = ei(Kx−ωst)e−Gxψin(x − vgt),
where K = ks − κ. The effective group velocity is de-
fined by 1ve =
dK
dωs
. Our goal now is to identify parame-
ter regimes exhibiting a small group velocity ve and, at
the same time, vanishing gain G in a sufficiently broad
bandwidth, that is with a small gradient GR =
∂G
∂ωs
. The
control parameters are the intensities Ei and detunings
∆ωi of the pump fields. It will be convenient to use di-
mensionless detunings bi = ∆ωi/
Γa
2 . For given detunings
a vanishing gain G = 0 is achieved for an intensity ra-
tio of |E1|2/|E2|2 = 1+b
2
1
1+b22
which we assume to be fulfilled
in the following. Using the same numbers as above and
Γa = 10
8 Hz corresponding to a mechanical quality factor
of Qa = 10
3 we show the reduction in group velocity vevg in
Fig. 3.a and the gradient of the gain GR in Fig. 3.c ver-
sus the detunings. A convenient working point is found
5FIG. 3: (a) The reduction in group velocity ve/vg versus the
detunings b1 =
2∆ω1
Γa
and b2 =
2∆ω2
Γa
. (b) Zoom around the
working point
(
b1 = 2, b2 = − 12
)
marked in (a). (c) The gra-
dient of the gain GR =
∂G
∂ωs
. (d) Zoom around the point(
b1 = 2, b2 = − 12
)
marked in (c).
at
(
b1 = 2, b2 = − 12
)
which is shown in more detail in
Figs. 3.b and 3.d. At this point we have |E1|2 = 4|E2|2,
and ∆ω1 = Γa, ∆ω2 = −Γa4 . The reduction in group
velocity is vevg ≈
Γ2a
4f2a |E|2 , and the above numbers yields
ve
vg
≈ 3.7 × 10−4 which corresponds to what we have as-
sumed above.
In conclusion, we predict that quantum nonlinear op-
tics, slow light without gain/loss, and nonlinear phase
shifts are possible in nanoscale waveguides exploiting
SBS. Even though we considered here the most simple
geometry of a cylindrical fibre, it is clear that coupling
strengths and quality factors can be further optimized us-
ing different geometries of the nanostructure, see [28] and
[41] for examples. The present results provide encour-
aging evidence for the realization of many-body physics
with strongly interacting photons and the implementa-
tion of deterministic quantum gates for photons in con-
tinuum optomechancis.
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I. PHOTON CORRELATIONS MEDIATED BY VIBRATIONAL MODES
Starting from the Hamiltonian, which was derived in [1],
H =
∑
α
∫
dx ωαψ
†
α(x)ψα(x) + Ωv
∫
dx Q†(x)Q(x)
− ive
∑
α
∫
dx ψ†α(x)
∂ψα(x)
∂x
+
√
Lfv
∫
dx
(
Q†(x)ψ†d(x)ψu(x) + h.c.
)
,
using ψα(x, t) → ψα(x, t) eikαx and Qv(x, t) → Qv(x, t) eiqvx, we obtain Hamiltonian (1) of the letter, which yields
the equations of motion for the field operators(
∂
∂t
+ ve
∂
∂x
)
ψu(x, t) = −iωu ψu(x, t)− ifv
√
L Qv(x, t)ψd(x, t)e
−i∆qx,(
∂
∂t
+ ve
∂
∂x
)
ψd(x, t) = −iωd ψd(x, t)− ifv
√
L Q†v(x, t)ψu(x, t)e
i∆qx,(
∂
∂t
+
Γv
2
)
Qv(x, t) = −iΩv Qv(x, t)− ifv
√
L ψ†d(x, t)ψu(x, t)e
i∆qx −F(x, t),
where ∆q = ku − kd − qv. Using now ψα(x, t) → ψα(x, t) e−iωαt, Qv(x, t) → Qv(x, t) e−iΩvt, and F(x, t) →
F(x, t) e−iΩvt, we obtain(
∂
∂t
+ ve
∂
∂x
)
ψu(x, t) = −ifv
√
L Qv(x, t)ψd(x, t) e
i(∆Ωt−∆qx),(
∂
∂t
+ ve
∂
∂x
)
ψd(x, t) = −ifv
√
L Q†v(x, t)ψu(x, t) e
−i(∆Ωt−∆qx),(
∂
∂t
+
Γv
2
)
Qv(x, t) = −ifv
√
L ψ†d(x, t)ψu(x, t) e
−i(∆Ωt−∆qx) −F(x, t),
where ∆Ω = ωu−ωd−Ωv. The above system of equations corresponds to Eqs. (2-3) in the main text. We now apply
the adiabatic elimination of the phonon operators, which is applicable in the off resonant limit where ∆Ω > Γv, fv.
Formal integration of the phonon equation gives
Q(x, t) = −i
√
Lfv
∫ t
0
dt′ ψ†d(x, t
′)ψu(x, t′) e−i(∆Ωt
′−∆qx)e−Γv(t−t
′)/2
+Q(x, 0)e−Γvt/2 −
∫ t
0
dt′ F(x, t′)e−Γv2 (t−t′).
We neglect the initial value term of the phonon operator. Substitution in the photon equations yields(
∂
∂t
+ ve
∂
∂x
)
ψu(x, t) = −f2vL
∫ t
0
dt′ ψ†d(x, t
′)ψu(x, t′)ψd(x, t) e−i∆Ω(t
′−t)e−Γv(t−t
′)/2
+ ifv
√
L ψd(x, t)e
i(∆Ωt−∆qx)
∫ t
0
dt′ F(x, t′)e−Γv2 (t−t′),(
∂
∂t
+ ve
∂
∂x
)
ψd(x, t) = f
2
vL
∫ t
0
dt′ ψ†u(x, t
′)ψd(x, t′)ψu(x, t) ei∆Ω(t
′−t)e−Γv(t−t
′)/2
+ ifv
√
L ψu(x, t)e
−i(∆Ωt−∆qx)
∫ t
0
dt′ F†(x, t′)e−Γv2 (t−t′).
8Now we apply an approximation by taking the operators out of the integral, which is allowed in the limit ∆Ω > fv,
to get (
∂
∂t
+ ve
∂
∂x
)
ψu(x, t) ≈ −Lf2v Nˆd(x, t)ψu(x, t)
∫ t
0
dt′ e−i∆Ω(t
′−t)e−(t−t
′)Γv/2 + iU(x, t) ψd(x, t),(
∂
∂t
+ ve
∂
∂x
)
ψd(x, t) ≈ Lf2v Nˆu(x, t)ψd(x, t)
∫ t
0
dt′ ei∆Ω(t
′−t)e−(t−t
′)Γv/2 + iU†(x, t) ψu(x, t),
where we defined the density operator by Nˆα(x, t) = ψ
†
α(x, t)ψα(x, t). Moreover, we used
U(x, t) = fv
√
L ei(∆Ωt−∆qx)
∫ t
0
dt′ F(x, t′)e−Γv2 (t−t′).
The time integration yields(
∂
∂t
+ ve
∂
∂x
)
ψu(x, t) ≈ − Lf
2
v
Γv/2− i∆Ω Nˆd(x, t)ψu(x, t) + iU(x, t) ψd(x, t),(
∂
∂t
+ ve
∂
∂x
)
ψd(x, t) ≈ Lf
2
v
Γv/2 + i∆Ω
Nˆu(x, t)ψd(x, t) + iU
†(x, t) ψu(x, t).
A. Conserved Number of Photons
We show now that the total density of signal photons, that is Nˆ = Nˆu + Nˆd, is conserved. We drop the Langevin
term in this part and consider it later. Direct calculations give(
∂
∂t
+ ve
∂
∂x
)
Nˆu(x, t) = − Lf
2
vΓv
Γ2v/4 + ∆Ω
2
Nˆu(x, t)Nˆd(x, t),(
∂
∂t
+ ve
∂
∂x
)
Nˆd(x, t) =
Lf2vΓv
Γ2v/4 + ∆Ω
2
Nˆu(x, t)Nˆd(x, t),
which yields
(
∂
∂t + ve
∂
∂x
)
Nˆ(x, t) = 0. Using the change of variables ξ = x− vet and η = vet, gives ∂∂t + ve ∂∂x = ve ∂∂η
and ∂∂η Nˆ(ξ, η) = 0, and hence Nˆ(ξ) is conserved. Here we obtain
∂
∂η
Nˆu(ξ, η) = −V Nˆd(ξ, η)Nˆu(ξ, η), ∂
∂η
Nˆd(ξ, η) = V Nˆu(ξ, η)Nˆd(ξ, η),
where V =
Lf2vΓv
ve(Γ2v/4+∆Ω
2) . Using Nˆ(ξ) = Nˆu(ξ, η) + Nˆd(ξ, η) gives the two Riccati equations (4) of the letter.
B. Thermal Fluctuations
In the letter it was shown that Nˆu and Nˆd are conserved in the limit ∆Ω > Γv. Hence, we get(
∂
∂t
+ ve
∂
∂x
)
ψu(x, t) ≈ −iLf
2
v
∆Ω
Nˆd(x, t)ψu(x, t) + iU(x, t) ψd(x, t),(
∂
∂t
+ ve
∂
∂x
)
ψd(x, t) ≈ −iLf
2
v
∆Ω
Nˆu(x, t)ψd(x, t) + iU
†(x, t) ψu(x, t).
We calculate here the contribution of the Langevin fluctuations. Applying the change of variables ξ = x − vet and
η = x, where ∂∂t = −ve ∂∂ξ and ∂∂x = ∂∂ξ + ∂∂η , and then ∂∂t + ve ∂∂x = vg ∂∂η , we get
∂
∂η
ψu(ξ, η) ≈ −i Lf
2
v
ve∆Ω
Nˆd(ξ)ψu(ξ, η) +
i
ve
U(ξ, η) ψd(ξ, η),
∂
∂η
ψd(ξ, η) ≈ −i Lf
2
v
ve∆Ω
Nˆu(ξ)ψd(ξ, η) +
i
ve
U†(ξ, η) ψu(ξ, η).
9Formal integration gives
ψu(ξ, η) = ψ
in
u (ξ)e
−i Lf
2
v
ve∆Ω
Nˆd(ξ) η +
i
ve
∫ η
0
dη′ U(ξ, η′) ψd(ξ, η′)e−i
Lf2v
ve∆Ω
Nˆd(ξ)(η−η′),
ψd(ξ, η) = ψ
in
d (ξ)e
−i Lf
2
v
ve∆Ω
Nˆu(ξ) η +
i
ve
∫ η
0
dη′ U†(ξ, η′) ψu(ξ, η′)e−i
Lf2v
ve∆Ω
Nˆu(ξ)(η−η′),
where ψinα (ξ) = ψα(ξ, η = 0). Changing back into (x, t) space we get Equ. (5) of the letter. The average numbers of
photons are
〈ψ†u(x, t)ψu(x, t)〉 = 〈ψin†u (x− vet)ψinu (x− vet)〉
+
1
v2e
∫ x
0
dx′dx′′ 〈ψ†d(x′, t)ψd(x′′, t)〉〈U†(x′, t)U(x′′, t)〉ei
Lf2v
ve∆Ω
Nd(x−vet)(x−x′)e−i
Lf2v
ve∆Ω
Nd(x−vet)(x−x′′)
〈ψ†d(x, t)ψd(x, t)〉 = 〈ψin†d (x− vet)ψind (x− vet)〉
+
1
v2e
∫ x
0
dx′dx′′ 〈ψ†u(x′, t)ψu(x′′, t)〉〈U(x′, t)U†(x′′, t)〉ei
Lf2v
ve∆Ω
Nu(x−vet)(x−x′)e−i
Lf2v
ve∆Ω
Nu(x−vet)(x−x′′),
where Nα = 〈Nˆα〉. Using
〈F†(x′, t′)F(x′′, t′′)〉 = Γan¯vδ(t′ − t′′)δ(x′ − x′′),
〈F(x′, t′)F†(x′′, t′′)〉 = Γa(n¯v + 1)δ(t′ − t′′)δ(x′ − x′′),
where n¯v is the average number of thermal phonons, we get
〈U†(x′, t)U(x′′, t)〉 = Lf2v n¯vδ(x′ − x′′)
(
1− e−Γvt) ,
〈U(x′, t)U†(x′′, t)〉 = Lf2v (1 + n¯v)δ(x′ − x′′)
(
1− e−Γvt) .
We obtain
〈ψ†u(x, t)ψu(x, t)〉 = 〈ψin†u (x− vet)ψinu (x− vet)〉+
Lf2v
v2e
n¯v
(
1− e−Γvt) ∫ x
0
dx′ 〈ψ†d(x′, t)ψd(x′, t)〉,
〈ψ†d(x, t)ψd(x, t)〉 = 〈ψin†d (x− vet)ψind (x− vet)〉+
Lf2v
v2e
(1 + n¯v)
(
1− e−Γvt) ∫ x
0
dx′ 〈ψ†u(x′, t)ψu(x′, t)〉,
which yields at the waveguide output
Nu = N
in
u +
L2f2v
v2e
(
1− e−ΓvL/ve
)
n¯vNd, Nd = N
in
d +
L2f2v
v2e
(
1− e−ΓvL/ve
)
(1 + n¯v)Nu.
II. PHOTON DELAY AND GAIN VIA SBS INVOLVING ACOUSTIC PHONONS
The real-space Hamiltonian is given in equation (6) of the letter. The photon dispersion has the form ωk ≈ ω0±vgk,
and all photon fields are taken in a rotating frame of their respective central frequency ω0. We get the equations of
motion for the field operators(
∂
∂t
+ vg
∂
∂x
)
ψ(x, t) = −ifa1 E1(x, t) Qa1(x, t)− ifa2 E2(x, t) Qa†2 (x, t),(
∂
∂t
+ va
∂
∂x
+
Γa
2
)
Qa1(x, t) = −ifa1 E∗1 (x, t) ψ(x, t)−F1(x, t),(
∂
∂t
− va ∂
∂x
+
Γa
2
)
Qa2(x, t) = −ifa2 E2(x, t) ψ†(x, t)−F2(x, t).
We use Eα(x, t)→ Eα(x, t) e−i(kαx+ωαt), ψ(x, t)→ ψ(x, t) ei(ksx−ωst), Qa1(x, t)→ Qa1(x, t) ei(q1x−Ω1t), and Qa2(x, t)→
Qa2(x, t) e
−i(q2x+Ω2t), with (α = 1, 2), where ωs = vgks, ωα = vgkα, and Ωα = vaqα. Moreover we define F1(x, t) →
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F1(x, t) ei(q1x−Ω1t), and F2(x, t)→ F2(x, t) e−i(q2x+Ω2t). We have now(
∂
∂t
+ vg
∂
∂x
)
ψ(x, t) = −ifa1 E1(x, t) Qa1(x, t) ei(∆ω1t−∆k1x) − ifa2 E2(x, t) Qa†2 (x, t) e−i(∆ω2t+∆k2x),(
∂
∂t
+ va
∂
∂x
+
Γa
2
)
Qa1(x, t) = −ifa1 E∗1 (x, t) ψ(x, t) e−i(∆ω1t−∆k1x) −F1(x, t),(
∂
∂t
− va ∂
∂x
+
Γa
2
)
Qa2(x, t) = −ifa2 E2(x, t) ψ†(x, t) e−i(∆ω2t+∆k2x) −F2(x, t),
where ∆ω1 = ωs − ω1 − Ω1, ∆ω2 = ω2 − ωs − Ω2, ∆k1 = ks + k1 − q1 and ∆k2 = k2 + ks − q2. The above system of
equations corresponds to Eqs. (7-8) in the main text. For acoustic phonons it is a good approximation to neglect the
va
∂
∂x terms, as the sound velocity is much smaller than the light group velocity, then(
∂
∂t
+
Γa
2
)
Qa1(x, t) ≈ −ifa1 E∗1 (x, t) ψ(x, t) e−i(∆ω1t−∆k1x) −F1(x, t),(
∂
∂t
+
Γa
2
)
Qa2(x, t) ≈ −ifa2 E2(x, t) ψ†(x, t) e−i(∆ω2t+∆k2x) −F2(x, t).
Formal integration of the phonon operators lead to
Qa1(x, t) = −ifa1
∫ t
0
dt′ E∗1 (x, t′) ψ(x, t′) e−i(∆ω1t
′−∆k1x)e−
Γa
2 (t−t′)
+Q1(x, 0)e
−Γat/2 −
∫ t
0
dt′ F1(x, t′)e−
Γa
2 (t−t′),
Qa2(x, t) = −ifa2
∫ t
0
dt′ E2(x, t′) ψ†(x, t′) e−i(∆ω2t′+∆k2x)e−
Γa
2 (t−t′)
+Q2(x, 0)e
−Γat/2 −
∫ t
0
dt′ F2(x, t′)e−
Γa
2 (t−t′).
In the following we neglect the initial value terms of the phonon operators. As an approximation we take the signal
operator and the pump field out of the integral to get
Qa1(x, t) ≈ −ifa1 E∗1 (x, t) ψ(x, t)
∫ t
0
dt′ e−i(∆ω1t
′−∆k1x)e−
Γa
2 (t−t′) −
∫ t
0
dt′ F1(x, t′)e−
Γa
2 (t−t′),
Qa2(x, t) ≈ −ifa2 E2(x, t) ψ†(x, t)
∫ t
0
dt′ e−i(∆ω2t
′+∆k2x)e−
Γa
2 (t−t′) −
∫ t
0
dt′ F2(x, t′)e−
Γa
2 (t−t′).
This approximation is an iterative solution in terms of the small photon-phonon coupling parameter. Substitution in
the signal operator equation yields(
∂
∂t
+ vg
∂
∂x
)
ψ(x, t) = −fa21 |E1(x, t)|2
∫ t
0
dt′ e−i∆ω1(t
′−t)e−
Γa
2 (t−t′) ψ(x, t)
+ fa22 |E2(x, t)|2
∫ t
0
dt′ ei∆ω2(t
′−t)e−
Γa
2 (t−t′) ψ(x, t)
+ ifa1 E1(x, t) ei(∆ω1t−∆k1x)
∫ t
0
dt′ F1(x, t′)e−
Γa
2 (t−t′)
+ ifa2 E2(x, t) e−i(∆ω2t+∆k2x)
∫ t
0
dt′ F†2 (x, t′)e−
Γa
2 (t−t′).
Time integration gives(
∂
∂t
+ vg
∂
∂x
)
ψ(x, t) ≈ f2a
{
− |E1(x, t)|
2
Γa
2 − i∆ω1
+
|E2(x, t)|2
Γa
2 + i∆ω2
}
ψ(x, t)
+ ifa
{
E1(x, t)e−i∆k1xW1(x, t) + E2(x, t)e−i∆k2xW †2 (x, t)
}
,
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where we assume that fa1 = f
a
2 ≡ fa. We defined
Wi(x, t) = e
i∆ωit
∫ t
0
dt′ Fi(x, t′)e−
Γa
2 (t−t′).
We can write(
∂
∂t
+ vg
∂
∂x
)
ψ(x, t) = −vg(G+ iκ)ψ(x, t) + ifa
{
E1e−i∆k1xW1(x, t) + E2e−i∆k2xW †2 (x, t)
}
,
where G and κ are defined in the letter. The pump fields are taken to be constants.
A. Thermal Fluctuations
Applying the previous change of variables ξ = x− vgt and η = x, we get
∂
∂η
ψ(ξ, η) = −(G+ iκ)ψ(ξ, η) + ifa
vg
{
E1e−i∆k1ηW1(ξ, η) + E2e−i∆k2ηW †2 (ξ, η)
}
,
with the solution
ψ(ξ, η) = e−(G+iκ)ηψin(ξ) + i
fa
vg
∫ η
0
dη′
{
E1e−i∆k1η′W1(ξ, η′) + E2e−i∆k2η′W †2 (ξ, η′)
}
e(G+iκ)(η
′−η),
where ψin(ξ) = ψ(ξ, η = 0). Back into (x, t) variables we obtain equation (9) of the letter. The average density of
photons is
〈ψ†(x, t)ψ(x, t)〉 = 〈ψ†in(x− vgt)ψin(x− vgt)〉e−2Gx +
f2a
v2g
∫ x
0
dx′dx′′e(G−iκ)(x
′−x)e(G+iκ)(x
′′−x)
×
{
|E1|2ei∆k1(x′−x′′)〈W †1 (x′, t)W1(x′′, t)〉+ |E2|2ei∆k2(x
′−x′′)〈W2(x′, t)W †2 (x′′, t)〉
+ E∗1E2ei(∆k1x
′−∆k2x′′)〈W †1 (x′, t)W †2 (x′′, t)〉+ E∗2E1ei(∆k2x
′−∆k1x′′)〈W2(x′, t)W1(x′′, t)〉
}
,
where we neglect correlations between the light and the reservoir, of the type 〈ψ†inWi〉, · · · . We use the properties
〈F†1 (x′, t′)F†2 (x′′, t′′)〉 = 〈F2(x′, t′)F1(x′′, t′′)〉 = 0,
〈F†1 (x′, t′)F1(x′′, t′′)〉 = Γan¯(1)a δ(t′ − t′′)δ(x′ − x′′),
〈F2(x′, t′)F†2 (x′′, t′′)〉 = Γa(n¯(2)a + 1)δ(t′ − t′′)δ(x′ − x′′),
where n¯
(i)
a is the average number of thermal phonons in the reservoir at frequency Ωi. The expectation values are
〈W †1 (x′, t)W1(x′′, t)〉 = n¯(1)a δ(x′ − x′′)
(
1− e−Γat) ,
〈W2(x′, t)W †2 (x′′, t)〉 = (n¯(2)a + 1)δ(x′ − x′′)
(
1− e−Γat) ,
〈W2(x′, t)W1(x′′, t)〉 = 〈W †1 (x′, t)W †2 (x′′, t)〉 = 0,
which lead to
〈ψ†(x, t)ψ(x, t)〉 = 〈ψ†in(x− vgt)ψin(x− vgt)〉e−2Gx +
f2a
2Gv2g
{
|E1|2n¯(1)a + |E2|2(n¯(2)a + 1)
}(
1− e−2Gx) (1− e−Γat) .
We interest in the limit of GL 1, where L is the waveguide length. Then the photon density, which is the number
of photons per unit length, is
〈ψ†(L, t)ψ(L, t)〉 ≈ 〈ψ†in(L− vgt)ψin(L− vgt)〉+
f2aL
v2g
{
|E1|2n¯(1)a + |E2|2(n¯(2)a + 1)
}(
1− e−Γat) .
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